We show that when the factorized cross section for heavy quarkonium production includes next-toleading power (NLP) contributions associated with the production of the heavy quark pair at short distances, it naturally reproduces all high pT results calculated in non-relativistic QCD (NRQCD) factorization. This extended formalism requires fragmentation functions for heavy quark pairs, as well as for light partons. When these fragmentation functions are themselves calculated using NRQCD, we find that two of the four leading NRQCD production channels,
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[1] 1 and 1 S [8] 0 , are dominated by the NLP contributions for a very wide pT range. The large next-to-leading order corrections of NRQCD are absorbed into the leading order of the first power correction. The impact of this finding on the heavy quarkonium production and its polarization is discussed. Introduction. The conjecture of non-relativistic QCD (NRQCD) factorization for heavy quarkonium production [1] has proved quite successful phenomenologically [2] , once next-to-leading order (NLO) corrections are included. The relatively recent NRQCD calculation for J/ψ production at hadron colliders at NLO, which took several groups several years to complete [3] [4] [5] , does a much better job in fitting the data than does the leading order (LO) approximation, although it still relies on only four leading channels: J (in standard spectroscopic notation for the angular momentum states of the produced heavy quark pair, and with superscripts 1 and 8 for the color-singlet and color-octet states, respectively). In particular, the NLO calculation provides a potential solution for the long-standing polarization puzzle at high p T [4, 6, 7] . At the same time, the NLO NRQCD calculation does not yet give a fully satisfactory picture of heavy quarkonium production. Some channels give NLO corrections that are orders larger than the corresponding LO results. This raises concerns on the stability of the expansion in α s , while it would be extremely difficult to go beyond NLO. In addition, the lack of analytic expressions at NLO makes it difficult to obtain a clear physical picture on how the various NRQCD channels of the heavy quark pair are actually produced.
Recently, a systematic QCD factorization approach to high p T heavy quarkonium production was described [8, 9] , based on related earlier work [10] [11] [12] [13] . A similar factorization formalism has also been derived from soft-collinear effective theory [14, 15] . In this approach, the production cross section is expanded in powers of 1/p 2 T first, and then in powers of α s . Large logarithmic contributions can be resummed systematically by solving a closed set of evolution equations [8] . The leading power (LP) terms are given by the production of a single active parton at a distance scale of O(1/p T ), which then fragments into an observed heavy quarkonium [10] .
The next-to-leading power (NLP) contribution is dominated by the perturbative production of a heavy quarkantiquark pair at short distances, followed by fragmentation of the pair into a heavy quarkonium. This requires a new set of quark-pair fragmentation functions (FFs), which have been defined in Ref. [8] .
In this paper, we compare the calculation of J/ψ production for the factorizated power expansion, including the leading and the first nonleading powers in p T , to the NLO NRQCD calculation. We find that the large NLO contributions to the 0 channels in NRQCD are due primarily to LO NLP corrections in the factorized power expansion. Specifically, with heavy quark pair FFs calculated in NRQCD [16, 17] , the LO contribution at NLP nicely reproduces NLO NRQCD results for both 0 channels for a wide p T range. These results are independent of specific fits to matrix elements. At the same time, several recent global fits to Tevatron and LHC quarkonium production data agree on an important, and in some cases dominant, role for these channels, compared to LP contributions from J , over a wide range of p T [6, 7, 18, 19] . Thus, the results of this paper show that a systematic treatment of NLP contributions is mandatory for understanding heavy quarkonium production at today's collider energies. In addition, with the factorization of NLP contributions, we gain control in principle over the class of higher order corrections that describe the evolution of the heavy quark pair and its mixing with light partons.
QCD factorized power expansion.-The production of a heavy quarkonium H is factorized as [8] dσ A+B→H+X (p)
where
FFs, which give the LP (NLP) contribution, f runs over all parton flavor f = q,q, g, and κ includes all spin and color states of fragmenting heavy quark-antiquark pairs: v [1, 8] , a [1, 8] , or t [1, 8] , where v, a and t refer to the vector, axial-vector, and tensor states of the pair's spin. In Eq. (1), the dσ are short-distance coefficients (SDCs) to produce on-shell fragmenting parton(s), and contain all information about the initial colliding state, including convolutions with parton distribution functions ) are the lightcone "+" components of, respectively, the momenta of the quarkonium, the fragmenting single parton or heavy quark-antiquark pair, and half the relative momentum of the heavy quark and antiquark in the amplitude (complex conjugate amplitude).
The predictive power of the factorization formalism in Eq. (1) relies on the SDCs and our knowledge of FFs. The SDCs for producing a single parton are known to NLO [20] , and the complete LO SDCs for producing a heavy quark-antiquark pair have also been calculated [9, 12] . Although the LO evolution kernels of FFs are available [8] , we still need input FFs at a scale µ 0 > ∼ 2m Q with heavy quark mass m Q ≫ Λ QCD . The input FFs are nonperturbative and in principle must be extracted from data. Extracting several three-variable input FFs, however, may not be an easy task in practice. Nevertheless, when its invariant mass is sufficiently small near the input scale, the heavy quark-antiquark pair is effectively a non-relativistic system in its rest frame. Then, applying NRQCD factorization as a natural conjecture at this scale, all relevant input FFs to a heavy quarkonium can be evaluated analytically, and expressed in terms of a few universal NRQCD long-distance matrix elements (LDMEs) with perturbative coefficients [12] , [16, 17] . Although a formal proof of NRQCD factorization is still lacking, these calculated FFs should be a reasonable approximation to the true input FFs, in view of the phenomenological successes of NRQCD factorization. For numerical predictions, we need to use the SDCs and evolution kernels of FFs and PDFs at the same order in their perturbative expansion to provide a fully consistent factorized cross section. For example, for the LO contribution to the cross section, we should use LO PDFs and FFs (evaluated with LO kernels) and LO SDCs. It is important to note, however, that the order of the factorized cross section should be distinguished from the order at which we calculate the input FFs in NRQCD. To have the best model predictions for the FFs, we should always use the input FFs calculated in NRQCD at the highest order available in α s evaluated at the NRQCD factorization scale, regardless the order at which we evaluate the perturbative contribution to the factorized cross section.
Comparison with NLO NRQCD cross sections. We show in this subsection that the bulk of the terribly complicated NLO NRQCD results for high-p T hadronic J/ψ production [3] [4] [5] are reproduced by analytic LO contributions in the factorized power expansion. More precisely, we compare the NLO NRQCD results of Refs. [18, 19] with predictions of Eq. (1), using the FFs calculated in NRQCD, for all four leading,
J , NRQCD production channels.
The factorized power expansion in Eq. (1) and NRQCD factorization organize the order of perturbative contributions to heavy quarkonium production differently. In particular, in the power expansion we must independently specify the order of evolution for parton distributions and the order at which we compute FFs as well as SDCs. Our choices for this numerical comparison are listed in Table I . To compare our LO predictions with NLO NRQCD calculations, we in general evaluate Eq. (1) for both the LP and NLP contributions with the LO hard parts [9] , LO PDFs (CTEQ6L1 [21] ), and FFs from Refs. [16, 17] without including the evolution. We use, however, NLO PDFs for the J channels at LP because the NLO NRQCD calculation for these channels uses NLO PDFs. The FFs are calculated using the [16, 17] , the SDCs in Ref. [9, 12] for NLP and Ref. [20] for LP. method in [16, 17] so that their order, added to the order of the SDCs matches the order of the corresponding NLO NRQCD calculations. A summary of available sin-gle parton to heavy quarkonium FFs, which are needed for the LP contribution, can be found in Ref. [16] and references therein.
In Fig. 1 , we show the ratios of our analytic LO predictions with the PDFs and parameter choices in Table I to the numerical results of NLO NRQCD calculations in various leading NRQCD channels. Note that the values of the NRQCD matrix elements cancel in these ratios. The tilde of dσ
QCD LO
indicates the slightly modified LO contribution, with the choices specified in Table I , to better match the NLO NRQCD calculations. We choose √ S = 7 TeV and |y| < 0.9 for a typical kinematic regime at the LHC. We take charm quark mass m c = 1.5 GeV, Λ [21] , and set the renormalization, factorization, and the NRQCD scales to µ r = µ f = p T and µ Λ = m c , respectively. As shown in Fig. 1 , our slightly modified LO QCD calculation can almost reproduce the NLO NRQCD calculation channel-by-channel for p T > 10−15 GeV, depending on the channel. The comparison in Fig. 1 demonstrates that the very complicated results of NLO NRQCD calculations can be reproduced by the simple and fully analytic LO calculation of the QCD factorization approach for p T > 10 GeV, and clearly indicates that perturbative organization of the factorized power expansion is well suited to heavy quarkonium production at high p T . It also shows the importance of the NLP contribution. Without it, as shown in Ref. [6] , for example, the LP QCD factorization contribution can only reproduce NLO NRQCD results for the 1 heavy quark pair, calculated in NRQCD, vanish for both LO and NLO, as indicated in Table I the two-loop gluon FF derived in Refs. [22, 23] was used for the LP contribution to the
1 channel in Fig. 2 . In above comparision with NLO NRQCD calculations, we did not include the evolution of FFs. A complete LO QCD calculation should include the evolution of FFs using the LO evolution kernels given in Ref. [8] and input FFs calculated in NRQCD factorization at NLO [16, 17] , and a set of updated NRQCD LDMEs by fitting the data. From its consistency with the existing NLO NRQCD results, and the control through evolution of its higher order corrections, we expect such a LO QCD factorized power expansion to clarify existing data on heavy quarkonium production at collider energies. Also, because the LP J channels, which produce predominantly transversely polarized heavy quarkonia, appear not to be dominant [4, 6, 7] , heavy quarkonium production at current collider energies is strongly influenced by the
0 channel, and is more likely to be unpolarized.
Heavy quark-antiquark FFs. To evaluate the factorization formula in Eq. (1), we have employed FFs calculated in NRQCD factorization [16, 17] . The perturbative coefficients of these calculations,d's, Eq. (2), are distributions, defined under the integration and expressed in terms of δ-functions and the "+"-prescriptions. Consequently, unlike the FFs of light hadrons extracted from the data, FFs calculated in NRQCD are not smooth functions of momentum fractions.
On the other hand, both the SDCs in Eq. (1) and the perturbative coefficients of (2) are known analytically. It is very easy to track down the dependence on each of the convolution variables -the momentum fractions z, ζ 1 and ζ 2 . In particular, the LO contribution to each input FF calculated in NRQCD is proportional to the product δ(ζ 1 )δ(ζ 2 ) and its derivatives. Higher order corrections from QCD evolution allow the exchange of momentum between the active heavy quark and antiquark, so that at order α s the range of |ζ 1 | and |ζ 2 | is proportional to the phase space available for gluon radiation. That is, the effective range of |ζ 1 | and |ζ 2 | is limited by 1 − z. Since in general factorizated hadronic cross sections are dominated by the large z region of FFs due to the steeply falling PDFs of colliding hadrons [24] , we expect that the convolution over ζ's in Eq. (1) is dominated by the region where ζ 1 ∼ ζ 2 ∼ 0.
To demonstrate this feature explicitly, we take the convolution over ζ 1 as an example (the integration over ζ 2 is equivalent). At the LO, the most singular ζ 1 dependence of the short-distance coefficients,σ in Eq. (1), is proportional to 1/(1−ζ 2 1 ). The apparent singularity near ζ 1 = ±1 is the well-known endpoint singularity; as discussed in the Appendix A of Ref. [8] , it does not cause any divergence to the cross section and can be absorbed into the definition of the fragmentation functions. Using the FFs calculated in NRQCD [16, 17] , we have also veri- 
which should give a quantitative measure of the range of ζ-dependence in the FFs. For the calculations shown above, following Table I , only the FF
is computed at order α s , and has support away from ζ 1 = ζ 2 = 0. In Fig. 3 , we plot the first few moments of D [cc(v [8] 
, as a function of z. The FF itself is an odd function of ζ 1 and ζ 2 [16] . Consequently, as shown in Fig. 3 , only moments with odd integers n 1 and n 2 survive. For this calculation, we set the input QCD factorization scale as µ 0 = 2m c .
From Fig. 3 it is clear that FFs with higher moments decrease very quickly for moderate and large z, due to the expected suppression in powers of 1 − z, while their values are almost n i -independent at small z, where 1 − z is order unity. All other channels of FFs calculated by assuming NRQCD factorization demonstrate the same feature. That is, numerically, the convolution over ζ 1 and ζ 2 can be approximated by the first few moments of the fragmentation functions. We note that like other QCD factorizations, the perturbatively calculated coeffi- [cc(v [8] )]→ 3 S cient functions and evolution kernels include "threshold" powers of log(1 − z). In addition, there are also threshold logarithms in powers of log(1 − ζ 2 1 ) and log(1 − ζ 2 2 ) for the NLP contributions, which are the subject of ongoing study.
Summary. We have shown that the LO contribution to hadronic J/ψ production, calculated in a factorized expansion at LP and NLP, naturally reproduces all NLO results calculated in NRQCD factorization for p T > ∼ 10 GeV. With the FFs calculated assuming NRQCD factorization at an input scale of the order of m Q , NLP contributions are important, and potentially dominant in the production of heavy quarkonia at the current collider energies, at least for the 0 channel may dominate the total production rate if, as indicated by recent studies [6, 18, 19] , the sum of LP contributions from J is relatively small. If this is indeed the case, the asymptotic transverse polarization of J/ψ [2] will require even higher p T to set in, and the theory will naturally accommodate unpolarized or slightly longitudinally polarized cross sections over a wide range of p T . A more detailed global study and refitting of NRQCD matrix elements for J/ψ cross sections and polarization using the factorized power expansion is clearly necessary, and will require the application of the moment method that we have sketched above. After almost forty years since the discovery of the J/ψ [25, 26] , the production of heavy quarkonia remains one of the most active and fascinating subjects in strong interaction physics, and major progress has been made in last decade [2, 27] .
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